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We propose a method for smoothing sequential Monte 
Carlo (SMC) that uses “twisting functions” learned with 
density ratio estimation (DRE).

The products of the filtering distributions and twisting 
functions approximate the smoothing distributions, which 
are used as the targets in SMC.

We demonstrate that SIXO can successfully perform 
inference and model learning in challenging settings 
where filtering SMC fails.

Summary
The lookahead distributions can be written as density 
ratios by removing terms that depend only on  .

The density ratio can be estimated by training    to classify 
between samples from                           and samples 
from                      [2].

We parameterize    with an RNN run in reverse over        .

This amortizes the twist cost, giving 𝑂(𝑇) complexity.

Density Ratio Twists
Consider the Hodgkin-Huxley model [3] of neural 
spiking. Filtering methods cannot accurately predict spike 
onset, causing inference and parameter-fitting failures.

SIXO solves the problem, recovering good parameters 
even without an adaptively-learned proposal.

SIXO also performs better inference across a variety of 
noise and subsampling conditions.

Example: Hodgkin Huxley

Filtering SMC uses the filtering distributions as targets,

Smoothing SMC uses the smoothing distributions as 
targets, but they are intractable.

We factor the smoothing distributions into the product of 
filtering distributions and lookahead distributions,

We then approximate the lookahead distributions with 
“twisting functions”, denoted by   .

Twisting the Filtering Distributions
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Optionally, learn a proposal q and model p at the same 
time by ascending gradients of .

Algorithm

Filtering SMC suffers from particle degeneracy while SIXO 
does not.

SIXO recovers a tight variational bound and twist 
parameters that match the closed-form solution.

Example: Gaussian Drift-Diffusion

3 SIXO: Model Learning with Smoothing SMC

Our goal is to fit models by optimizing a lower bound on their log marginal likelihood
constructed using smoothing SMC. To construct the lower bound, fix r (xT ) = 1 and let
bZSIXO(✓, ,y1:T ) be the marginal likelihood estimator returned from running SMC with
unnormalized targets {p✓(x1:t,y1:t)r (yt+1:T ,xt)}T

t=1
and proposal distributions {q✓(xt |

x1:t�1,y1:T )}T
t=1

. Because the T
th unnormalized target is p✓(x1:T ,y1:T ), bZSIXO will be an

unbiased estimator of the marginal likelihood p✓(y1:T ) [1, 3]. This implies via Jensen’s
inequality that

LSIXO(✓, ,y1:T ) , E
h
log bZSIXO(✓, ,y1:T )

i

 logE
h
bZSIXO(✓, ,y1:T )

i
= log p✓(y1:T )

(3)

i.e. LSIXO(✓, ,y1:T ) is a lower bound on the log marginal likelihood log p✓(y1:T ) [14].

3.1 The Functional Form of the Twists

The structure of the lookahead distributions p✓(yt+1:T | xt) suggests a functional form for r 

that accepts a single latent xt and produces distributions over all future observations yt+1:T .
Because the twists will be evaluated once per particle and timestep in an SMC sweep, this
functional form would lead to an algorithm with O(T 2) complexity. To reduce the complexity,
we consider two methods: fixed-lag twisting and backwards twisting.

Fixed-lag twisting approximates the full lookahead distribution p✓(yt+1:T | xt) using
a fixed window of L observations, i.e. it models p✓(yt+1:t+L | xt) [17, 19, 20]. We define the
fixed-lag twisting functions {r (yt+1:t+L, xt)}T�1

t=1
as a sequence of functions which accept

xt 2 X and produce a distribution over yt+1:t+L 2 YL. This reduces the computational
complexity to O(TL) at the cost of only looking at L observations.

In our experiments we use an L = 1 twist that scores the next observation by approxi-
mating the one-step lookahead

p✓(yt+1 | xt) =

Z
p✓(yt+1 | xt+1)p✓(xt+1 | xt) dxt+1 (4)

with Gauss-Hermite quadrature [21]. We refer to this as the “quadrature twist”.

Backwards twisting is motivated by rewriting the lookahead distributions using Bayes’
rule,

p✓(yt+1:T | xt) =
p✓(xt | yt+1:T ) p✓(yt+1:T )

p✓(xt)
/ p✓(xt | yt+1:T )

p✓(xt)
, (5)

dropping terms independent of xt because the twisting functions will be used to score
particles in SMC. Thus, we need only approximate p✓(xt | yt+1:T )/p✓(xt). The numerator
p✓(xt | yt+1:T ) is the reverse of the lookahead distributions—it is a distribution over a single
latent conditioned on future observations. This makes it possible to parameterize the twists
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DRE via classification estimates the ratio of two densities a(x)/b(x) by training a classifier
to distinguish between samples from a and b. If such a classifier is trained using the logit
link function, then its raw output will approximate log a(x) � log b(x) up to a constant [23].
Using this approach, we interpret log r (yt+1:T ,xt) as the logit of a Bernoulli classifier and
train it to distinguish between samples from p✓(xt,yt+1:T ) and p✓(xt)p✓(yt+1:T ), which are
available from the model. When trained in this way, log r (yt+1:T ,xt) will approximate
log p✓(xt | yt+1:T ) � log p✓(xt) up to a constant which can be ignored, for details see
Appendix C.2 and [23].

We use the DRE-learned twisting functions in an alternating scheme that first holds p✓, q✓

fixed and updates r using density ratio estimation, and then holds r fixed and updates p✓

and q✓ by ascending a biased gradient estimator (no resampling terms) of LSIXO(✓, ) in ✓.
We call the full alternating procedure for learning ✓ and  SIXO-DRE, see Algorithm 1.

3.3 The SIXO Bound Can Become Tight

Maddison et al. [8] show that the FIVO bound can only become tight in models with
uncommon dependency structures. We show that the SIXO bound can become tight for any
model in the class defined in Section 2.

Proposition 1. Sharpness of the SIXO bound. Let p(x1:T ,y1:T ) be a latent variable model
with Markovian structure as defined in Section 2, let Q be the set of possible sequences
of proposal distributions indexed by parameters ✓ 2 ⇥, and let R be the set of possible
sequences of positive, integrable twist functions indexed by parameters  2  . Assume that
{p(xt | xt�1,y1:T )}T

t=1
2 Q and {p(yt+1:T | xt)}T�1

t=1
2 R. Finally, assume LSIXO(✓, ,y1:T )

has the unique optimizer ✓⇤
, ⇤ = arg max✓2⇥, 2 LSIXO(✓, ,y1:T ).

Then the following holds:

1. q✓⇤(xt | x1:t�1,y1:T ) = p(xt | x1:t�1,y1:T ) for t = 1, . . . , T ,

2. r ⇤(yt+1:T ,xt) / p(yt+1:T | xt) up to a constant independent of xt for t = 1, . . . , T �1,

3. LSIXO(✓⇤
, ⇤

,y1:T ) = log p(y1:T ) for any number of particles K � 1.

Proof. See Appendix C.4.

This is an important advantage of our work—the SIXO objective is the first to recover
the true marginal likelihood with a finite number of particles while also being tailored to
sequential tasks.

4 Related Work

Good references for SMC include Doucet and Johansen [1], Naesseth et al. [2], and Del Moral
[3] which provides a theoretical treatment of a generalization of SMC called Feynman-Kac
formulae. Pitt and Shephard [17] introduced the auxiliary particle filter, an early smoothing
SMC method which constructs an estimate of the one-step backwards message p✓(yt+1 | xt)
using simulations from the model. Smoothing SMC in general is discussed thoroughly in
Briers et al. [15] and Del Moral et al. [24]. Later, Whiteley and Lee [13] introduced twisted
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SMC repeats three steps: First, a set of latents are sampled from a proposal distribution
q✓(xk

t | xk
t�1

,y1:T ) conditional on the current particles x1:K
1:t�1

. Then, each particle is weighted
using the unnormalized target �t(x1:t) to form an empirical approximation of the normalized
target distribution. Finally, new particle trajectories x1:K

1:t are drawn from this approximation
to the normalized target.

Ideally the target distributions smoothly approach the posterior so that sampling from
the target at time t + 1 is easy given samples from the target at time t. However, as long as
mild technical conditions are met and �T (x1:T ) / p✓(x1:T ,y1:T ), SMC returns a consistent
and unbiased estimate of the marginal likelihood p✓(y1:T ) and a set of weighted particles
approximating the posterior p✓(x1:T | y1:T ) [1–3]. For more details see Appendix B.1 and for
a thorough treatment of SMC see [1–3].

2.2 Filtering SMC and Model Learning

The most commonly-used SMC algorithm is filtering SMC, which sets the normalized targets
to the filtering distributions, i.e. ⇡t(x1:t) = p✓(x1:t | y1:t) and �t(x1:t) / p✓(x1:t,y1:t). Let
bZFSMC(✓,y1:T ) be the marginal likelihood estimator returned from running filtering SMC
with proposal distributions {q✓(xt | x1:t�1,y1:t)}T

t=1
which may share parameters with p✓.

Previous work used filtering SMC to fit model parameters by ascending a lower bound on
the log marginal likelihood called a filtering variational objective (FIVO) [8–10]. The FIVO
bound is derived using Jensen’s inequality and the unbiasedness of bZFSMC,

LFIVO(✓,y1:T ) , E[log bZFSMC(✓,y1:T )]  logE[ bZFSMC(✓,y1:T )] = log p✓(y1:T ), (2)

and is optimized using stochastic gradient ascent in ✓ [8–10, 14].

2.3 Smoothing SMC via Twisting Functions

The main disadvantage of filtering SMC is that the filtering distributions only condition on
observations up to the current timestep t, ignoring future observations yt+1:T . This creates
situations where future observations are highly unlikely given the current latent trajectories,
which in turn causes particle death, high variance in the normalizing constant estimator, and
poor inference and model learning [8, 13, 15]. Performing smoothing SMC would resolve this
issue by choosing the smoothing distributions as targets, i.e. ⇡t(x1:t) = p✓(x1:t | y1:T ) and
�t(x1:t) / p✓(x1:t,y1:T ). Unfortunately, p✓(x1:t,y1:T ) is not readily available from the model
and computing it is roughly as hard as the original inference problem.

However, p✓(x1:t,y1:T ) factors into the product of the filtering distributions, p✓(x1:t,y1:t),
and the lookahead distributions, p✓(yt+1:T | xt) (Appendix B.2). If the lookahead distributions
can be well-approximated by a series of “twisting” functions [13], {r(yt+1:T ,xt)}T

t=1
, then

running SMC with targets �t(x1:t) = p✓(x1:t,y1:t)r(yt+1:T ,xt) would approximate smoothing
SMC. In this sense, the lookahead distributions are optimal twisting functions [13, 16].

Different twisting functions yield different SMC methods such as auxiliary particle
filters and twisted particle filters [13, 17]. However, as long as the final unnormalized
target �T (x1:T ) is proportional to p✓(x1:T ,y1:T ) and regularity conditions are met, SMC will
produce an unbiased estimate of the marginal likelihood regardless of the choice of twisting
functions [1, 3, 18]. Instead, the quality of the twisting functions affects the variance of
SMC’s marginal likelihood estimate.
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3 SIXO: Model Learning with Smoothing SMC

Our goal is to fit models by optimizing a lower bound on their log marginal likelihood
constructed using smoothing SMC. To construct the lower bound, fix r (xT ) = 1 and let
bZSIXO(✓, ,y1:T ) be the marginal likelihood estimator returned from running SMC with
unnormalized targets {p✓(x1:t,y1:t)r (yt+1:T ,xt)}T
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and proposal distributions {q✓(xt |
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t=1

. Because the T
th unnormalized target is p✓(x1:T ,y1:T ), bZSIXO will be an

unbiased estimator of the marginal likelihood p✓(y1:T ) [1, 3]. This implies via Jensen’s
inequality that

LSIXO(✓, ,y1:T ) , E
h
log bZSIXO(✓, ,y1:T )

i

 logE
h
bZSIXO(✓, ,y1:T )

i
= log p✓(y1:T )

(3)

i.e. LSIXO(✓, ,y1:T ) is a lower bound on the log marginal likelihood log p✓(y1:T ) [14].

3.1 The Functional Form of the Twists

The structure of the lookahead distributions p✓(yt+1:T | xt) suggests a functional form for r 

that accepts a single latent xt and produces distributions over all future observations yt+1:T .
Because the twists will be evaluated once per particle and timestep in an SMC sweep, this
functional form would lead to an algorithm with O(T 2) complexity. To reduce the complexity,
we consider two methods: fixed-lag twisting and backwards twisting.

Fixed-lag twisting approximates the full lookahead distribution p✓(yt+1:T | xt) using
a fixed window of L observations, i.e. it models p✓(yt+1:t+L | xt) [17, 19, 20]. We define the
fixed-lag twisting functions {r (yt+1:t+L, xt)}T�1

t=1
as a sequence of functions which accept

xt 2 X and produce a distribution over yt+1:t+L 2 YL. This reduces the computational
complexity to O(TL) at the cost of only looking at L observations.

In our experiments we use an L = 1 twist that scores the next observation by approxi-
mating the one-step lookahead

p✓(yt+1 | xt) =

Z
p✓(yt+1 | xt+1)p✓(xt+1 | xt) dxt+1 (4)

with Gauss-Hermite quadrature [21]. We refer to this as the “quadrature twist”.

Backwards twisting is motivated by rewriting the lookahead distributions using Bayes’
rule,

p✓(yt+1:T | xt) =
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p✓(xt)
/ p✓(xt | yt+1:T )

p✓(xt)
, (5)

dropping terms independent of xt because the twisting functions will be used to score
particles in SMC. Thus, we need only approximate p✓(xt | yt+1:T )/p✓(xt). The numerator
p✓(xt | yt+1:T ) is the reverse of the lookahead distributions—it is a distribution over a single
latent conditioned on future observations. This makes it possible to parameterize the twists
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poor inference and model learning [8, 13, 15]. Performing smoothing SMC would resolve this
issue by choosing the smoothing distributions as targets, i.e. ⇡t(x1:t) = p✓(x1:t | y1:T ) and
�t(x1:t) / p✓(x1:t,y1:T ). Unfortunately, p✓(x1:t,y1:T ) is not readily available from the model
and computing it is roughly as hard as the original inference problem.

However, p✓(x1:t,y1:T ) factors into the product of the filtering distributions, p✓(x1:t,y1:t),
and the lookahead distributions, p✓(yt+1:T | xt) (Appendix B.2). If the lookahead distributions
can be well-approximated by a series of “twisting” functions [13], {r(yt+1:T ,xt)}T

t=1
, then

running SMC with targets �t(x1:t) = p✓(x1:t,y1:t)r(yt+1:T ,xt) would approximate smoothing
SMC. In this sense, the lookahead distributions are optimal twisting functions [13, 16].

Different twisting functions yield different SMC methods such as auxiliary particle
filters and twisted particle filters [13, 17]. However, as long as the final unnormalized
target �T (x1:T ) is proportional to p✓(x1:T ,y1:T ) and regularity conditions are met, SMC will
produce an unbiased estimate of the marginal likelihood regardless of the choice of twisting
functions [1, 3, 18]. Instead, the quality of the twisting functions affects the variance of
SMC’s marginal likelihood estimate.
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(a) Validation set L256

Method over training. (b) Relative parameter error over training.

Figure 4: Hodgkin-Huxley model learning performance over training. Both SIXO-bs and SIXO-sm
obtain a better parameter estimate and more stable bound than FIVO. FIVO-fi is not stable and
achieves a low bound, not visible on Figure 4a.

Table 3: Hodgkin-Huxley model learning performance.
Bound Proposal Test L256

Method
Test L256

BPF
✓ Relative Error

(True model) (Bootstrap) (N/A) (�49.12) (0.0)

FIVO Bootstrap �51.32 ± 0.73 �51.32 ± 0.73 0.45 ± 0.03
FIVO Filtering �660.62 ± 283.50 �115.74 ± 80.12 0.78 ± 0.20
SIXO Bootstrap �48.98 ± 0.20 �49.40 ± 0.79 0.10 ± 0.06
SIXO Smoothing �48.73 ± 0.14 �49.30 ± 0.71 0.05 ± 0.02

study this effect more extensively, comparing performance across different observation frequencies.
We see, as predicted, that the performance of SIXO is more consistent across observation frequencies
than FIVO, supporting the claim that twists assist in inference when observations are sparse. For
more results, see Table 4 in Appendix D.3.

Model Learning We conclude by comparing FIVO and SIXO for parameter recovery in Figure
4 and Table 3. We see that FIVO-bs converges to a poor parameter estimate, and recovers a poor
variational bound. FIVO-fi does not converge (details and full figure in Appendix D.3). The SIXO
methods recover much better parameter estimates, and achieve the highest bound values, with
SIXO-sm outperforming all other methods in terms of final performance and training stability.

6 Conclusions, Limitations, and Future Work

In this work we proposed a method of learning twisting functions for smoothing SMC via density ratio
estimation. Our approach ascends a lower bound on the log marginal likelihood that can theoretically
become tight, a first for SMC objectives. We verified our theoretical claims by experimentally
demonstrating improvements over existing techniques in inference and model learning.

There are, however, important limitations to our approach. Training and evaluating the twist requires
additional computational effort compared to FIVO, and requires further hyperparameter tuning.
Although we consider SIXO to be mainly used for offline settings, extending SIXO to online settings
could yield practical benefit. Finally, there is a known pathology in DRE methods where the ratio
may be poorly estimated if the difference between the densities in the ratio is very large [48]. Thus,
new methods for learning the twist are important topics for future work.
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�t(x1:t) / p✓(x1:t,y1:T ) =

Z
p✓(x1:T ,y1:T ) dxt+1:T (1)

p✓(x1:t,y1:T ) = p✓(x1:t,y1:t)p✓(yt+1:T | xt) (2)

r(yt+1:T ,xt) ⇡ p✓(yt+1:T , | xt) =) (3)
p✓(x1:t,y1:t)r(yt+1:T | xt) ⇡ p(x1:t,y1:T ) (4)

Abstract

Sequential Monte Carlo (SMC) is an inference algorithm for state space models
that approximates the posterior by sampling from a sequence of target distributions.
The target distributions are often chosen to be the filtering distributions, but these
ignore information from future observations, leading to practical and theoretical
limitations in inference and model learning. We introduce SIXO, a method that
instead learns target distributions that approximate the smoothing distributions,
incorporating information from all observations. The key idea is to use density ratio
estimation to fit functions that warp the filtering distributions into the smoothing
distributions. We then use SMC with these learned targets to define a variational
objective for model and proposal learning. SIXO yields provably tighter log
marginal lower bounds and offers more accurate posterior inferences and parameter
estimates in a variety of domains.

1 Introduction

In this work we consider model learning and approximate posterior inference in probabilistic state
space models. Sequential Monte Carlo (SMC) is a general-purpose method for these problems [1–3]
that produces an unbiased estimate of the marginal likelihood as well as latent state trajectories (i.e.
particles) that can be used to approximate posterior expectations. SMC can facilitate model learning
via expectation-maximization or direct maximization of the marginal likelihood estimate [4, 5]. It can
also be cast in a variational framework [6, 7] as a rich family of approximate posterior distributions
that can be fit using stochastic gradient ascent and modern automatic differentiation methods [8–12].

The quality of SMC’s marginal likelihood and posterior estimates is driven by two design decisions:
the choice of proposal distributions and target distributions. The proposal distributions specify how
particles propagate from one time step to the next, while the target distributions specify how those
particles are weighted and which ones survive to future time steps. The most common SMC variant,
filtering SMC, sets the targets to the filtering distributions, the conditional distributions over latent
states x1:t = (x1, . . . ,xt) given observations y1:t = (y1, . . . ,yt). The central issue is that the
filtering distributions do not incorporate information from future observations yt+1:T .
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Let bZFSMC(✓,y1:T ) be the marginal likelihood estimator returned from running filtering SMC with
proposal distributions {q✓(xt | x1:t�1,y1:t)}T

t=1
which may share parameters with p✓ .

Previous work used filtering SMC to fit model parameters by ascending a lower bound on the log
marginal likelihood called a filtering variational objective (FIVO) [8–10]. The FIVO bound is derived
using Jensen’s inequality and the unbiasedness of bZFSMC,

LFIVO(✓,y1:T ) , E[log bZFSMC(✓,y1:T )]  logE[ bZFSMC(✓,y1:T )] = log p✓(y1:T ), (6)

and is optimized using stochastic gradient ascent in ✓ [8–10, 14].

2.3 Smoothing SMC via Twisting Functions

The main disadvantage of filtering SMC is that the filtering distributions only condition on obser-
vations up to the current timestep t, ignoring future observations yt+1:T . This creates situations
where future observations are highly unlikely given the current latent trajectories, which in turn
causes particle death, high variance normalizing constant estimates, and poor inference and model
learning [8, 13, 15]. Performing smoothing SMC would resolve this issue by choosing the smoothing
distributions as targets, i.e. ⇡t(x1:t) = p✓(x1:t | y1:T ) and �t(x1:t) / p✓(x1:t,y1:T ). Unfortunately,
p✓(x1:t,y1:T ) is not readily available from the model and computing it is roughly as hard as the
original inference problem.

However, p✓(x1:t,y1:T ) factors into the product of the filtering distributions, p✓(x1:t,y1:t), and
the lookahead distributions, p✓(yt+1:T | xt) (Appendix B.2). If the lookahead distributions can
be well-approximated by a series of “twisting” functions [13], {r(yt+1:T ,xt)}T

t=1
, then running

SMC with targets �t(x1:t) = p✓(x1:t,y1:t)r(yt+1:T ,xt) would approximate smoothing SMC. In
this sense, the lookahead distributions are optimal twisting functions [13, 16].

Different twisting functions yield different SMC methods such as auxiliary particle filters and twisted
particle filters [13, 17]. However, as long as the final unnormalized target �T (x1:T ) is proportional
to p✓(x1:T ,y1:T ) and regularity conditions are met, SMC will produce an unbiased estimate of the
marginal likelihood, regardless of the choice of twisting functions [1, 3, 18]. Instead, the quality of
the twisting functions affects the variance of SMC’s marginal likelihood estimate.

3 SIXO: Smoothing Inference with Twisted Objectives

Our goal is to fit models by optimizing a lower bound on their log marginal likelihood constructed us-
ing smoothing SMC. To construct the lower bound, fix r (xT ) = 1 and let bZSIXO(✓, ,y1:T )
be the marginal likelihood estimator returned from running SMC with unnormalized targets
{p✓(x1:t,y1:t)r (yt+1:T ,xt)}T

t=1
and proposal distributions {q✓(xt | x1:t�1,y1:T )}T

t=1
. Because

the T
th unnormalized target is p✓(x1:T ,y1:T ), bZSIXO will be an unbiased estimator of the marginal

likelihood p✓(y1:T ) [1, 3]. This implies via Jensen’s inequality that

LSIXO(✓, ,y1:T ) , E
h
log bZSIXO(✓, ,y1:T )

i

 logE
h
bZSIXO(✓, ,y1:T )

i
= log p✓(y1:T )

(7)

i.e. LSIXO(✓, ,y1:T ) is a lower bound on the log marginal likelihood log p✓(y1:T ) [14].

3.1 The Functional Form of the Twists

The structure of the lookahead distributions p✓(yt+1:T | xt) suggests a functional form for r that
accepts a single latent xt and produces distributions over all future observations yt+1:T . Because the
twists will be evaluated once per particle and timestep in an SMC sweep, this functional form would
lead to an algorithm with O(T 2) complexity. To reduce the complexity, we consider two methods:
fixed-lag twisting and backwards twisting.

Fixed-lag twisting approximates the full lookahead distribution p✓(yt+1:T | xt) using a
fixed window of L observations, i.e. it models p✓(yt+1:t+L | xt) [17, 19, 20]. We define the
fixed-lag twisting functions {r (yt+1:t+L,xt)}T�1

t=1
as a sequence of functions which accept xt 2 X

4

Algorithm 1 SIXO-DRE
1: procedure TRAIN-TWIST(p, 1, N)
2: for i = 1, . . . , N do

3: x̃1:T ⇠ p(x1:T )

4: x1:T ,y1:T ⇠ p(x1:T ,y1:T )

5: LDRE( i) = 1

T�1

PT�1

t=1
log �(log r i(yt+1:T ,xt))+

log(1 � �(log r i(yt+1:T , x̃t)))
6: Compute  i+1 using r LDRE( i)

7: return  N+1

8: procedure SIXO(y1:T , p, q, 1, N, K)
9:  = TRAIN-TWIST(p, 1, N)

10: bZSIXO(y1:T ) = SMC({p(x1:t,y1:t)r (yt+1:T ,xt)}T
t=1

,
{q(xt | xt�1,y1:T )}T

t=1
, K)

using a recurrent function approximator (e.g. a recurrent neural network or RNN) run
backwards across the observations y1:T to produce twist values for each timestep.

Specifically, we define the backwards twists {r (yt+1:T ,xt)}T�1

t=1
as a sequence of positive,

integrable, real-valued functions YT�t ⇥ X ! R+ with parameters  2  . Parameterizing
backward twists with a recurrent function approximator results in O(T ) time complexity and
allows the twist to condition on all future observations, making backwards twisting preferable
to fixed-lag twisting.

3.2 Learning Twists

Ascending the Unified Objective One way to fit the twists, proposal, and model is to
ascend LSIXO in the parameters of p✓, q✓, and r , similar to FIVO [8–10]. The gradients of
this objective include score-function terms that arise from the discrete resampling steps in
SMC. We refer to ascending LSIXO with these unbiased gradients as SIXO-u. Because the
resampling gradient terms have high variance, SIXO-u is impractical for complex settings
[8, 11]. For a detailed discussion and derivation of the gradient, see Appendix C.1.

Density Ratio Estimation Note that the optimal backwards twist is proportional to the
ratio of a “backwards message” p✓(xt | yt:1:T ) and the latent marginal p✓(xt) (Equation 5).
Thus, we can learn the backwards twist using density ratio estimation (DRE) [22, 23].

DRE via classification estimates the ratio of two densities a(x)/b(x) by training a classifier
to distinguish between samples from a and b. If such a classifier is trained using the logit
link function, then its raw output will approximate log a(x) � log b(x) up to a constant [23].
Using this approach, we interpret log r (yt+1:T ,xt) as the logit of a Bernoulli classifier and
train it to distinguish between samples from p✓(xt,yt+1:T ) and p✓(xt)p✓(yt+1:T ), which are
available from the model. When trained in this way, log r (yt+1:T ,xt) will approximate
log p✓(xt | yt+1:T ) � log p✓(xt) up to a constant which can be ignored, for details see
Appendix C.2 and [23].
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